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Abstract 

We consider the inverse spectral problem for periodic Jacobi matrices in terms of the 
vertical slits on the quasi-momentum domain plus the Dirichlet eigenvalues, i.e., the 
Marchenko-Ostrovsky mapping. Moreover, we show that the gradients of the Dirichlet 
eigenvalues and of the so-called norming constants are linear independent. 



1 Introduction 

We consider the self-adjoint N-periodic Jacobi operator J7 on a Hilbert space i"^ = £^(Z) 
given by {Jy)n& = anVn+i + KVu + On-il/n-i for y = {yn)nez e f and for the A^-periodic 
sequences a„ = e^" > 0, Xn,bn G M. Furthermore, we assume 

N 

q = (x, b) = {Xn, bn)neZM e ^ = {6 G : 5^ fen = 0}. (1.1) 

n=l 

For simplicity, we use the notation Z^r = {1,2, ...,N}, N E N, throughout this paper. To 
begin, we recall some well known facts (see, e.g., |vM| ). Let ip = ip{X, q) = {(pn{X, ?))nez and 
-(9 = ^{X,q) = ('*?n(A, g))nez denote two fundamental solutions of the equation 

a-n-lVn-l + bnVn + Ctnl/n+l = ^Vn, (A, u) E C X Z, (1.2) 

with the initial conditions ipo = i^i = 0, ipi = {}o = 1. The Lyapunov function A(A,g) = 
|(v9Ar+i(A, g) + ^9Ar(A, g)) is the discriminant of the equation (11.21) and characterizes the 
spectrum a{q) = {A G M : |A(A,g)| < 1} of J'. The spectrum of JT" is absolutely continuous 
and consists of bands = [X^_i, A~], n G Z^, separated by the gaps 7„ = (A~, A^), where 
An = A^(g) are the roots of A^(A,g) = 1 and satisfy X'j^ = Xq < < Xf < ... < A^_^ < 
A^_i < Xjf. That is, if a gap jn degenerates, then the corresponding segments (T„, (J„+i 
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merge. Moreover, there is exactly one point A„ = A„(g) G [A„ , A^] for each n G '^n-i such 
that 

A'(A„,g) = 0, A"(A„,g) ^0, (-1)^-"A(A„, g) > 1. (1.3) 

Here and below, (') = d/dX. 

Traditionally since |vM| . the inverse spectral problem for the periodic Jacobi operator 
has been solved using the Neumann eigenvalues /i„ = finig), n G Ijn-i, given by the zeroes 
of t9iv+i(A,g) = 0. The main goal of this paper is to solve the inverse spectral problem 
alternatively using the Dirichlet eigenvalues I'n = ^n{Q), G Zjv_i, given by the zeroes of 
Vn{X, q) = 0. That is, we define the auxiliary spectrum by the Dirichlet spectrum instead of 
the Neumann spectrum. Note that z/„ G [A~, A^],n G '^n-i- 

To outline the plan of this note, we recall that the inverse spectral problem consists of 
the following four parts, namely, 

i) The uniqueness. Prove that the spectral data uniquely determines the potential. 

ii) The reconstruction. Give an algorithm to recover the potential from the spectral data. 

iii) The characterization. Give the conditions for some data to be the spectral data of some 
potential. 

iv) The stability. Give the two-sided a priori estimates of the potential in terms of the 
spectral data. 

We construct a Marchenko-Ostrovsky mapping ip : Jif^ — > for the periodic Jacobi 

operator in terms of the Dirichlet eigenvalues hy ip = (V'n)neZjv_i, i^n = {4'i,n,4'2,n) ^ IR^, 
where 

V'l,n = log((-l)^""<^7V+l(z^n)), 1p2,n = (l^'nT " ^l,n)^ sign(A„ - Z/„), (1.4) 

cosh|V^„| = (-1)^-"A(A„). (1.5) 

Here, ipi^n is the so-called norming constant. It is easy to verify lipnl"^ — |^i,nP > since 
(11.41) . (11.51) and the Wronskian identity (Pn+i^n — Vn^n+i = 1 together imply 

(-l)^-"A(z/„,g) = coshV'i,„(g). (1.6) 

Note incidentally that the mapping ip is an analogue of the Marchenko-Ostrovski mapping 
|M0| for the continuous case and has similar properties (see |M0| . |Ko| ). 

Firstly, we will prove the characterization and the uniqueness showing that the mapping 
{potential} {spectral data} is a homeomorphism. 

Theorem 1.1. The mapping ip : ]R^^~^ is a real analytic isomorphism between the 

Hilbert spaces and R'^^-^. 

Remark. We recall some necessary definitions. Let be Hilbert spaces. The deriva- 

tive of a map / : — > at a point q G Jif is a bounded linear map from into J^o, 
which we denote by dgf. A map / : Jif is a real analytic isomorphism between 

and if / is bijective and both / and are real analytic maps of the space. 

Secondly, we will obtain the reconstruction and the stability. We use for it the geometric 
interpretation of the Marchenko-Ostrovsky mapping, which is similar to the continues case 
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mentioned in |M0| and |Ko| . For this purpose, we introduce the conformal mapping (the 
quasi-momentum) k : A — by 

cosk(A) = (-l)^A(A,g), A G A, and K{it) ±ioo as t ±00. (1.7) 

Here and below, A = C \ uf "Sn is the domain, K = {k:0 ^Ren^ Ntt} \ uf"^K(7„) is 
called the quasi-momentum domain and r„ = (vm + i\ipn\,TTn — i\iljn\) is an excised vertical 
slit. 

Theorem 1.2. i) For each ip G ]R^^~^, there is a unique point q G J^"^ and a unique 
conformal mapping k : A K such that the following identities hold true 

K{Xn{q) ±iO) = irn ±i\4jn{q)\, K{un{q) ± iO) = irn ± iipi^niq) , n e Zn-i- (1.8) 

a) For (V'i,n)neZ]v_i; there is a standard algorithm to recover a,b. 
Hi) The following two-sided estimates hold true 

lg2max|v-„| < 1 _ ^+)2 ^ ^2 ^ < iV(A^ - X^f < iGiVe^ >^^" l'^" I . (1.9) 

A crucial argument in the proof of Theorem 11.11 is the fact that the gradients of the 
Dirichlet eigenvalues and of the norming constants are linear independent. More precisely, 
we define the symplectic form A by 

N 

f ^9 = X^(/l,n5'2,n - f2,n9l,n) " (/l,n-l5'2,n " f2,n9l,n-l) (l-lO) 
n=l 

for / = (/i,„, /2,n)neZjv, 9 = {9i,n,92,n)neZN ^ 'C^^ with /i,o = fi,N and gi^o = gi^N- Note 
that below 5„ ^ stands for the Kronecker symbol for all n,m & Z. Then we show 

Theorem 1.3. For all n,m E Z^-i, it holds true 

dgUn AdqUrn = 0, (1-11) 

dgipi^n/\dgi;i^rn = 0, (1-12) 

dq1pl,n A dqUm = 25n,m- (1-13) 

In particular, dgUn, dgipi^n, n £ ^at-i, is a basis of Jf^. 

Poschel and Trubowitz |PT| proved an analogue of Theorem 11.31 for the Sturm-Liouville 
problem on the interval [0, 1]. We use their arguments in our proof. Note that van Moerbeke 
|vM| proved (using another approach) that the gradients of the Neumann eigenvalues /i„ and 
of the norming constants are linear independent. Namely, van Moerbeke used the Jacobi 
matrices with removed rows and columns. Remark that our proof also can be applied for 
the case of 

There are different approaches to the inverse spectral problem for the periodic Jacobi 
operator. The investigation on this topic started in 1976 by van Moerbeke |vM| and by Date 
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and Tanaka |DT| . Both works obtained the reconstruction, but not the characterization: van 



Moerbeke did it using the Stieltjes inverse spectral method from |Ah| or \GK\ . and Date and 
Tanaka did it applying the suffix shifting by a constant. The nonlinear Toda lattice turned 
out an important application of these methods (see |To|). The first for us known work on 
the characterization is the paper |Pe| by Perkolab, where some analogue of Theorem 11.21 is 
showed using |M0| . Further, Korotyaev and Kutsenko |KoKu| showed Theorems 11.11 and 11.21 



in terms of the Neumann eigenvalues applying approach |KaKo| . That is, |KoKu| extended 



the result of Marchenko and Ostrovski about the height-slit mapping for the Hill operator 
(see |MQ| . |Kol| ) to the case of the periodic Jacobi matrix using the Neumann eigenvalues. 
Lastly, the inverse problem in terms of the gap lengths was solved in |BGGK| based on the 
approach from |GT| and in |Kol| based on the approach from |KaKo| . 

Our note is organized as follows: Section 2 displays some preliminary statements in terms 
of z/„. In Section 3 we prove Theorem 11.31 this is technically the most difficult part of this 
note. In Section 4, we show Theorem 11.11 using the argument from |Ko| and |KoKu| . where 
this theorem in terms of /i^ is proved. Then Theorem [HT] together with |KoKr| and |KoKu| 
directly implies Theorem II. 2[ 

2 Preliminaries 

In this section, we will determine the gradients (with respect to q) of the Dirichlet eigenvalues 
and the norming constants in terms of the fundamental solutions. For this purpose, we define 
the Wronskian by 

{f,9}n = anUnQn+l " fn+l9n), ^ G Z, (2.1) 

for the sequences / = {fn)nei^ 9 = {gn)nez with fn^dn £ C. Below, we use the notation 

d = dq = {dx^,dh^)k&N- 

Lemma 2.1. Each from the functions z/„, ipi^n, n G Ijn-i, is real analytic on J^'^ and 



satisfies 



^'N{^n{q),q) ' 



dqfn = \^ ^ (2-2) 



dq^i,n = r r \ \ • 2.3 

(pN+l{l^n{q),q) 

Proof. This proof is similar to the continues case |Koj (see also |KoKu| ). ■ 

Lemma 2.2. Let = ip{h'n{q),q),'& = ^{i^n{q),q) for all {n,q) G Z^^i x Then for all 
k G Zn, the following identities hold 

{2ak0k0k+l,0l) fcy ^^ 

dqk'4'l,n = Bn,k + {^Pn+i'^N " 0' N+l)dqVn, (2.5) 

Bn,k = —{akiVk+i^k + 'fk^k+i),'fk^k)- (2.6) 
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Proof. We assume k,j G Z^r. 

i) We want to show ( 12.41) applying f l2.2p . That is, we have to determine the derivation 
dqi^ipN- Firstly, we calculate dxf.'pN using the equation p.2p for ipj 

aj-i(pj-i + {bj - X)(pj + ajipj+i = 0, 

and its derivation with respect to Xk 

aj_idx^iPj_i + {bj - X)dx^ipj + ajd^^ipj+i = -ak{5j^kVk+i + ^j.fc+iV^fc + ^Vi.iV^o)- 

Below, Xk<N stands for the characteristic function, i.e. Xk<N = 1 ioY k < N and Xk<N = 
for k > N (recalling that is fixed). Multiplying the first equation by dx,.fj and the second 
one by ipj and taking the difference, we sum the result over all j G Zat, that is, 

2ak(PkVk+l = ak{Xk<N'^VkVk+l + 5fc,Ar(v5oV^l + V^TVV^Af+l)) 
N 

N 

= ^{9x^V, <^}j - {dx^<^, <^}j-i = {dx,<^, <^}n - {dx^<^, <^}o = {dx^<^, ¥>}n 

since v^o = 0. Next, setting A = z/„ and recalling i^at = 0, it gives 

. 2ak0k0k+i ,^ 
dx,<^N = : • (2.7) 

Secondly, we calculate db^ipN using the equation (11. 2p for ipj 

aj-ifj-i + {bj - A)v5j + ajfj+i = 0, 
and its derivation with respect to bk 

aj_idb^LPj_i + {bj - \)db^ipj + ajdb^cpj+i = -Sj^k^k- 

Multiplying the first equation by db^ipj and the second one by ipj and taking the difference, 
we sum the result over all j E Z,^, that is, 

AT 

"fk = '^(^j-ii'Pj-i9bt:^j - fA.Vj-i) + aji^j+idb^^j - ^Ak^j+i) 

3=1 

N 

= '^{\'^^ V'b - = v}n - {db,V, v}o = {db^<^, <^}n 

since (po = 0. Setting A = z/„, we see that (pjy = implies db^ipN = aN^N+i (12. 7p . we 

get dZl. 
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ii) In order to prove ( 12.5^ and (12.6p . we determine dq^ip^+i and then substitute it into 
the identity (12.30 . Firstly, we calculate dx^^^N+i using the equation (11. 2p for ipj 

aj-iipj-i + [bj - + fljV^j+i = 0, 

and the derivation of the equation (II. 2p for ^dj with respect to Xk 

aj^id^^'dj^i + (bj - \)dx^dj + ajd^^^j+i = -afc(5j,fc^A:+i + ^i.fc+i^fc + ^.tv^jm^o)- 

Multiplying the first equation by dxf.^j and the second one by (pj and taking the difference, 
we sum the result over all j G Zjy, that is, 

ak{Xk<N{Vk^k+i + Vk+i^k) + Sk,N{<^i^o + <^n+i^n)) 

N 

N 

since d^^-^o = dx^'^i = 0. Setting A = z/„, we get 

aki^Pk'&k+i + Vk+i^k) = {dx^'&,(f}N- 
We observe that (piy = implies 

aki'^k'&k+i + Vk+i^k) = aNVN+idxk^N = -aN^Ndxk'pN+i + aN^N+idx^<pN 
since dx^{'d,^}N = and hence 

dxk0N+i = - — {'dN{'&k^k+i + ^k^k+i) + 2^Ar+i<^fe<^fc+i). (2.8) 
Secondly, we calculate dbf.(pN+i using the equation (|1.2p for 

and the derivation of the equation (II. 2p for {}j with respect to bk 

aj^idhj^-dj^i + {bj - X)dh^'dj + ajdb^^^j+i = -Sj^k^k- 

Multiplying the first equation by dhi^'dj and the second one by (pj and taking the difference, 
we sum the result over all j E Z^, that is, 

N 
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N 

since c^fej.'f^o = dbj^'^i = 0. We set A = z/„, then 0n = implies 



0k'&k = aN0N+ldb,^^N = -aN^Ndb^0N+l + aN^N+ldb,^0N, 

by db^{'d,ip}N = 0. Therefore, db^^N+i = aj/-{(pN+i'^k'^k - ^n+i^I) and (l23|) yield 

dg^0N+l = —(^N+liaki^k+l^k + 0k'&k+l),0k'&k) -^N+l{'2O'k^k'fk+l,0l))- 

Substituting this expression into the identity ( 12.3p . one obtains (12.5^ and ( 12.6^ . ■ 



3 The proof of Theorem 11.3 



In this Section, we will show that dgUn, dgipi^n, n G I^n-i, is a basis of J^'^ using the 
symplectic form defined in (11.101) . First of all, we display some identities for the Wronskian 
defined in (lO) . 

Lemma 3.1. Let0 = V9(z/„(g), g), ?9 = ^{i^„{q),q) andip = ip{urn{q),q),^ = ^{i^m{q),q), n,m e 
I^N-i, q G J^"^. Then for all k E Z^r, the following identities hold true 

N k 

^(Pj(^j=0, {(^,(p}k = (Un - J^m)^0i'^i, (3.1) 
j=l i=l 

y^^^^ _iMhL {^J}, = {u^-Ujy2^,^,, (3.2) 

= ^^^^Y 'Pn+I^n) ^ ^ _^ _ ^ ^^^^^ ^2 

J=l ^^-^ ^'^> i=\ 

<^i^^i = "°^^^'^^+^ -'--' ^ {^^ (^}^ = ao + (z^„ - z^m) ^ (pi-di, (3.4) 
i=i i=i 

N 

= ao(pN+i^'N- (3.5) 

Proof. We assume n,m E Ijn-i and j, k G Ztv- 

i) To show (13. ip . we consider the equation ( II .2^ for (pj and respectively 

aj_i(^j_i + bj0j + ajipj+i = Un<^j, 
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Multiplying the first equation by (fj and the second one by (pj and taking the difference, we 
get 

or equivalently, by the definition (12. ip of the Wronskian, 

{p, - {if, = (z/„ - v^)'pj(pj. (3.6) 

Summing (13.61) over all j E Z,n and using (fo = ipo = (fN = 'fN = 0, get the first identity 
in (I31D 

N 

i=i 

Next, we show the second identity in (13.ip by induction on k. For k = 1, the identity holds 
according to ( 13.6^ since {ip, ip}o = 0. Assuming that the identity holds for A; — 1, we will 
verify it for k : By (13. 6p and the induction hypothesis, it follows 

1=1 1=1 

This establishes the second identity in (13. ip . 

ii) The proof of (13. 2p is similar to that of ( 13. ip since ?9}o = 0. 

iii) To show (13. 3p . we consider again the equation p.2p for and (^j respectively 

ttj-lVj-l + + O.jVj+1 = ^m<Pj- 

Multiplying the first equation by and the second one by and taking the difference, we 
get 

aj_i{ipjdj_i - (pj-i^j) + aj{(pjdj+i - (pj+i^j) = (z/„ - ym)^jpj 

or equivalently 

{(p, - {(p, = {Vn - Vni)^jpj. (3.7) 

Next, summing ( 13. 7p over all j G Z^r and using {(^, 7?}o = — ao; c^o = ^tv, ^Pn = 0, the first 
statement in ( 13. 2p follows 

AT 

{l^n - ^m)^^j'f>j = {<f>,^}N - {<^,'*^}o = ao(l - (fN+l'&N)- 

i=i 

We prove the second identity (13. 2p by induction on k. For = 1, it holds according to ( 13. 7p . 
since {(p, = — oq and ipi'di = 0. Supposing the identity is truth for k — 1, prove it for k. 
(13. 7p and the induction hypothesis together imply 

k-l 

{(p, djk = {(p, 'd}k-l + {Vn - Vm)^kPk = i^n " ^m) ^ + (^^n " ^m)^kPk " Oq = 

i=l 



k 

1=1 

So the second identity in (13.21) follows. 

iv) The proof of (13.41) is similar to that of (13.31) . since we have 0}o = ao and (p}n = 

v) To verify ( 13. Sp . we use the equation ( 11.20 for ^Pj{X) and its gradient with respect to A 

aj_iV9j_i(A) + {bj - \)(pji\) + ajV?j+i(A) = 0, 

(^j-iv'j-iW + (bj - + %</'^+i(A) = ^j(A). 

Multiplying the first equation by ^'j{X) and the second one by v^j(A) and taking the difference, 
we get 

aj-ii'^'jWVj-iW - ^j-_i(A)(^j(A)) + aj{^'j{X)^j+i{X) - (^^.+i(A)<^j(A)) = <^|(A) 
or equivalently 

{^'(A),vp(A)}, - {^'(A),^(A)},_i = ^%X). (3.8) 
Next, summing (13. Sp over all j G Z^v and using ipi = ip-^ = 0, we obtain 

N 

J2^%X) = {^'(A),v5(A)V - {vp'(A),vp(A)}o = {^'(A),^(A)V. 
i=i 

Setting X = Un and recalling Lp^' = 0, it becomes J2f=i ^"j = 0}n = ccn^n^'n- ■ 

Now we will apply the definition (ll.lOp of the symplectic form: For n G Z^v-i, we consider 
dgUn = {dg^Un)k€ZN givGu iu and S„ = {Bn,k)k&N defined in We observe that 

dq^Vn = dqj^Uri ^ud Bnfl = -Bn,Af for all n G Zjv_i since qo = Qn- So we can define a symplectic 
form for dgUn and Bn- 

Theorem 3.2. For all n,m E '^n-i, the following identities hold 

dqUn A dqVm = 0, (3.9) 

5„ A 5„ = 0, (3.10) 

Bn A (igZ/„, = -26n,m- (3-11) 

Proof. We assume n,m E 'Z^n~i- Furthermore, we use the following abbreviations if = 
V{^niq),q),^ = ^{i^n{q),q) and = ip{um{q),q),^ = ^{i^m{q),q) for all q G 

i) To verify the identity (13.91) . let n 7^ m since the case n = m is obvious. Applying the 
definition (ll.lOp of the symplectic form and introducing C = 2{aj^(pN+i(p j^ip n+i^^ , we 
have 

TV 

dqUn A dqUrn = C ^(^ak{0k0k+l'pl - 0l^k<Pk+l) - afc_i((^fc-l<^fc<^fc " (^fc<^fe-l<^fc) j . 
fc=l 
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Using the definition (12.ip of the Wronskian, this equals 



N 



dqVn A dqVm = i^k'^kiW, 'P]k + 'P}k-l] 



k=l 

By dSlD, it follows 

, , N k-1 k N k~l N k 

^ " k=l i=l i=l k=l i=l k=l i=l 

Below, we need the following simple identities 

N k N N N k-1 N-1 N 

^Zk^Wi = ^Wk^Zi, ^Zk^Wi = ^Wk ^ Zi (3.12) 

fc=l i=l k=l i=k k=2 i=l k=l i=k+l 

for all z = {zk)k&i^,w = {wkjkeiN ^ ■ Then we can use ( 13.12^ and (I3.5p to obtain 

, , AT fc-1 TV Af N N 

— _ s = 2^ v^fcv^fc 2^ v^iv^i + 2^ v^fcv^fc 2^ v^iv^i = 2^ v^fcv^fc 2^ v^iv^i = 0, 

{^n ^m) j^^^ -^-^ .^f^ ^^-^ ^^-^ 

which vanishes by the sum identity in ( 13.11) . 

ii) We verify the identity (13.100 in the same manner like (13. 9p . Again, we consider n 7^ m, 
since the case n = m is obvious, and get 

1 ^ 

S„ A = — ^ Ofc [ (<^fc+l1^fc + ^k^k+lj^k'&k - (pk'&ki^k+l'&k + '^fe^?fc+l) ) 

0.7V ■ - 



fc=l 



-Ofc-i + 0k-i^k)Vk^k - 0k^k{Vki^k-i + V^fc-i^^fc) 

1 ^ 

— ^ aki^k^Pki^k+i'&k - ^k'&k+i) + 'dk^ki^k+i'^k - (pk^k+i 
fc=i ^ 

+ak-i {dk^k{'^k^k-i - 'Pk-i^k) + 'pk^ki'dk^k-i - ^k-i^k)j 

^ TV TV 

^{^^k^k{{'^,^}k + {<^,<^}fc-l) + ^'^fc<^fc({1^,^}fc + {^,'&}k~l)) 



fc=l n=l 

Using firstly representations of the Wronskian in ( 13. ip and (13. 2p and applying l3.12l we obtain 

2 / . N N k-1 k TV k-1 

I 



(B A B ) ^ ^""^ ^ ^ '^""^ ^ 



i=l k=l i=l i=l 
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N N N k-1 

k=l i=l k=l 1=1 

which vanishes by the sum identity in (13.11) . 

iii) The proof of the identity f lS.lip is similar. We have 

N 

Bn A dqVrn = {a^^N+l^NY^ ^ki.i.^k'Pk+l + '&k+10k)Vk ^ '20k^k<Pk<Pk+l) 

k=l 

-ak-iii^k-iVk + ^kVk-i)<^k - ^^k^k^Pk-iVk)- 
If n = m, then ip}k = aN, k E Z, and (13.51) imply 

N 

Bn A dqUn = {alj>p nY^ XI 0.k-l{'&k-l'Pk - ^k0k-l)Vk + ak{^k0k+l - ^k+l'Pk)'Pl 

k=l 

N 



k=l 



If n 7^ m, then for C = {o^^Cpn+i'^'n) we get 



N 



Bn A dqVrn = ak{^k^k{^k^k+l " Vk+l^k) + ^kVk{VkVk+l - Vk+l^k)) 



k=l 



+ak-i{(pkfk{'^k-i^k - V^fc^fc-i) + ^k^ki^k-i'Pk - VkVk-i)) 

N N 

= c(^^ipk<f>k{{'f>,^}k-i + {<f>,^}k) + Y^k<f>k{{'f>,'P}k-i + {'f,'f}k] 

k=l k=l 

Using firstly the representations of the Wronskians in (13.11) and (13. 4p and — 2ao 'Pk'fk = 

due to (EI]), this gives by (13121 ) 

N k N k-1 k 

Bn A dgUn, = (z/„ - l^m)C(^0k'fkCY^m + ^ 1^i<^i) + ^ ^k^PkC^ 'Pi'Pi + ^ f^jf^i)) 

k=l i=l i=l k=l i=l i=l 

N N N N 

= {l^n - l^m)C(^ (pk(pk X ^i^i + 'Pk^k X ^i^i) = 0, 

fc=l i=l k=l i=l 

which vanishes by the sum identity in (13.11) . ■ 

The last Theorem allows us to prove the main result of this Section: 
Proof of Theorem II. 3L Firstly, Theorem 13.21 implies the required equations: (11.111) is the 
statement ((331). Next, (frT2D follows by 

dqiJi^n A dqtpi^n^ = {Bn + ((^^y+l^A^ " ^Pn^ N+l)dqUn) A {Bm + {<p'n+1^N - (f N+lldq^m) 
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= {0N+l'^N - (Piy'&N+l){'25n,m " '25n,m) = 0. 

Applying f l3.9p and (13.111) . we obtain 

dqiJl,n A dqUrn = {Bn + {>^]^^J}n " N+lldqUn) A dqVrn = Bn A dqVrn = '2Sn,m- 

Secondly, the identities (ll.lip - dl.isp yield that dgUnydqipi^n, n G Zat^i, is a basis of =yf ^. 



4 The Proof of Theorems 11.11 and 11.2 



In order to prove Theorem 11.11 we need the following lemma: 

Lemma 4.1. Each from the functions A„, ^„ = I'^/'nP, i^n, n £ '^n-i, is real analytic on 
and satisfies 

_ dA'{X4q),q) 

A"(A„(g),g)' ^^''^ 

2 (d cosh y/in/din) 

(-l)^-"(sinh^i,,)rfgV^i,„ = 5A(i/„(g),g) + A'(z/„(g),g)Vn. (4.3) 
Moreover, there exists a real analytic positive function (3n on M''^ such that for all q G J^"^ , 

V^2,n(g) = /3n(g)(A„(g) - z/„(g)). (4.4) 

Proof. This proof is similar to the continues case |Koj (see also |KoKu| ). ■ 

Proof of Theorem II. IL Although we use the approach from the papers |KaKo| and |Ko| . 

we give the accurate proof for the sake of the reader. We need the following theorem from 
the nonlinear functional analysis; it is a modification |KoKu| of a "basic theorem" of the 
direct method in |KaKo| . 

Theorem 4.2. Let , and he Hilbert spaces equipped with norms \\ ■ \\ and \\ ■ ||o re- 
spectively. Let fo : be a real analytic isomorphism between M' and If a map 
f : ^ satisfies following conditions: 

i) f is a local real analytic isomorphism, 

ii) f ~ fo is a compact map, i.e., it maps a weakly convergent sequence in M' into a 
convergent sequence in 

Hi) We have ||/(a;)||o ^ as ||x|| oo and it holds /^^(O) = 0. 
Then f is a real analytic isomorphism between and Mq. 

We will check the conditions of Theorem 14.21 for the Marchenko-Ostrovsky mapping using 
lemma [4Tl 

i) Let us verify the first condition applying the Inverse Function Theorem. By Lemma 
14.11 ^(■) is real analytic on It remains to show that dqil) is invertible. We will prove it 
by contradiction. Let a vector v G be the solution of the equation 

{dq'^)v = ^ ^ = 0, ((ig?/'2,n,^^) = 0, n G Zjv.i} 
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for some q G M''^. Here, {q,q) = X]n=i ('^"'^n + ^n^n) denotes the inner product in R^^. The 
function = V^i „ + ^2 n is analytic and the definition of v implies {dg^n, v) = 0, n G I^n-i- 
Define the polynomial /(A) = {{dA){X,q),v), A G C, of degree N — 1 with respect to A. 
Then (l42ll implies 

for all n G I^n-i- Therefore, / = 0. For fixed q G J^"^ there are three cases: 

1) Let ^2,n = 0. The differentiation of the equation (14 .4^ implies dsip2,n = Pn{s){dsXn{s) — 
dgi^nis)), if ip2,n{s) = for some s G J^"^. Using the definition of v and (14.11) and / = 0, we 
obtain {dqXn,v) = and hereby {dqVn.v) = for all n G Zat.i. 

2) Let Vi,n 7^ 0, ^2,n 7^ 0. Then (fTtl) and (fTSl) yield A„ 7^ Moreover, we may apply ({431) 
and / = to get 

= {-l)^~''smh.tpi^n{dg^i,n,v) = A'{un,q){dgUn,v), 
that is, (dgUnyV) = since A'(z/„,g) 7^ 0. 

3) Let ipi,n = 07^ 4'2,n- By (14.3p . we have 9A(z/n,g) = — A'(z/„, g)(igZ/„. The equation p.6p 
implies 'dN{^n,q) = ipN+i{^n,q) = (-1)^"", which gives A„ 7^ z/„, that is, A'{un{q),q) 7^ 0. 
I.e. {dgUn, v) = since / = 0. The vectors {rfg?/'! „, (ig^'„}neZjv_i are a basis of J^"^ according 
to Theorem 11.31 then v = holds and the operator dgip is invertible. 

ii) The second condition, namely, the compactness follows since and are finitely 
dimensional. 

iii) The third condition follows from |KoKu| . p. 6-7, where the analog statement in terms 
of fin is proved, since the norm of ip for /^n and z/„ is the same. In particular, the stability 
(11.91) is essential. 

Now we see that all the conditions of Theorem 14.21 are fulfilled, then ip is a real analytic 
isomorphism between and ]R^^~^. ■ 

Proof of Theorem II. 2L i) By Theorem 11.11 for each ip G M^^"^ there exists exactly one 
point q G Jf^ such that (II. 4^ - 01. 61) hold. Next, for any point q G M^"^ there is exactly one 
conformal mapping k : A K with the properties (11.70 (see |KoKr| ). which together with 
(OD-dlSD gives ([THD. 

ii) The function k : A ^ K satisfies the equations /€(o"n) = [n{n — l),nn],n G Zn and 
f^iln) = r„,n G ZfAf-i. That is, if we know {\ijjn\)i~^, then we get A. Moreover, (11.81) gives 
all z/„, n G I^N-i- 

iii) The claim (11.91) is proved in terms of /i„ in |KoKu| . p. 2, based on |KoKr| . This proof 
holds for the case of z/„ since {ipnl is independent of or /i„ according to its definition in 
(O). ■ 
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